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HIGHER ORDER ENERGY CONSERVATION AND GLOBAL
WELLPOSEDNESS OF SOLUTIONS FOR GROSS-PITAEVSKII
HIERARCHIES
THOMAS CHEN AND NATASˇA PAVLOVIC´
Abstract. We consider the cubic and quintic Gross-Pitaevskii (GP) hierar-
chies in d dimensions, for focusing and defocusing interactions. We introduce
new higher order energy functionals and prove that they are conserved for
solutions of energy subcritical defocusing, and L2 subcritical (de)focusing GP
hierarchies, in spaces also used by Erdo¨s, Schlein and Yau in [11, 12]. By use
of this tool, we prove a priori H1 bounds for positive semidefinite solutions in
those spaces. Moreover, we obtain global well-posedness results for positive
semidefinite solutions in the spaces studied in the works of Klainerman and
Machedon, [20], and in [8]. As part of our analysis, we prove generalizations
of Sobolev and Gagliardo-Nirenberg inequalities for density matrices.
1. Introduction
In recent years, there has been impressive progress related to the derivation of
nonlinear dispersive PDEs, such as the nonlinear Schro¨dinger (NLS) or nonlinear
Hartree (NLH) equations, from many body quantum dynamics, see [11, 12, 13,
21, 20, 25] and the references therein, and also [1, 3, 10, 14, 15, 16, 18, 17, 19, 27].
Closely related to this research field is the mathematical study of Bose-Einstein con-
densation in systems of interacting bosons, where we refer to the highly influencial
works [2, 22, 23, 24] and the references therein.
1.1. The Gross-Pitaevkii limit for Bose gases. In the landmark works [11, 12,
13], Erdo¨s, Schlein, and Yau developed a powerful method to derive the NLS as a
dynamical Gross-Pitaevskii limit of an interacting Bose gas. For the convenience
of the reader, and as a preparation for our discussion below, we will here outline
some of the main steps, following [11, 12, 13]. For the derivation of the defocusing
quintic NLS from a system of bosons with repelling three body interactions, we
refer to [7].
1.1.1. From N -body Schro¨dinger to BBGKY hierarchy. We consider a system of
N bosons in Rd where ψN ∈ L
2(RdN ) denotes its wave function. To comply with
Bose-Einstein statistics, ψN is invariant under the permutation of particle variables,
ψN (xπ(1), xπ(2), ..., xπ(N)) = ψN (x1, x2, ..., xN ) ∀π ∈ SN , (1.1)
where SN is the N -th symmetric group. We denote by L
2
s(R
dN ) the subspace of
L2(RdN ) of elements obeying (1.1). The dynamics of the system is determined by
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the N -body Schro¨dinger equation
i∂tψN = HNψN . (1.2)
The Hamiltonian HN is assumed to be a self-adjoint operator acting on the Hilbert
space L2s(R
dN ), given by
HN =
N∑
j=1
(−∆xj ) +
1
N
∑
1≤i<j≤N
VN (xi − xj), (1.3)
where VN (x) = N
dβV (Nβx) with V ∈ W r,s(Rd) spherically symmetric, for some
suitable r, s, and for β ∈ (0, 1] sufficiently small1.
Since the Schro¨dinger equation (1.2) is linear andHN self-adjoint, the global well-
posedness of solutions is satisfied. However, due to the exceedingly large number
of degrees of freedom of order O(N) (varying from N ∼ 103 for samples of very
dilute Bose-Einstein gases, to N ∼ 1030 in boson stars), it is very difficult to
understand qualitative and quantitative properties of the bulk dynamics of the
system, if directly based on the solution of (1.2). It is often much more informative
to study coarse grained, effective properties of the system obtained from averaging
over large N . In addition, taking the limit N → ∞ for an appropriate scaling
typically leads to macroscopic effective theories, or mean-field theories which are
expected to accurately describe properties of the underlying physical system with
very large, but finite N .
To perform the infinite particle number limit N →∞, we consider the strategy
developed in [11, 12], which can be described as follows. First of all, one introduces
the density matrix
γN (t, xN , x
′
N ) = ψN (t, xN )ψN (t, x
′
N )
where xN = (x1, x2, ..., xN ) and x
′
N = (x
′
1, x
′
2, ..., x
′
N ). Furthermore, one considers
the associated sequence of k-particle marginal density matrices2 γ
(k)
N (t), for k =
1, . . . , N , as the partial traces of γN over the degrees of freedom associated to the
last (N − k) particle variables,
γ
(k)
N = Trk+1,k+2,...,N |ψN 〉〈ψN | .
Here, Trk+1,k+2,...,N denotes the partial trace with respect to the particles indexed
by k + 1, k + 2, ..., N . Accordingly, γ
(k)
N is explicitly given by
γ
(k)
N (xk, x
′
k) =
∫
dxN−kγN (xk, xN−k;x
′
k, xN−k)
=
∫
dxN−kψN (xk, xN−k)ψN (x
′
k, xN−k) . (1.4)
1When β = 1, the Hamiltonian (1.3) is called the Gross-Pitaevskii Hamiltonian. Due to the
factor 1
N
in front of the interaction potential, (1.3) can be formally interpreted as a mean field
Hamiltonian. However, it should be noted that (1.3) in fact describes a very dilute gas, where
interactions among particles are very rare and strong, while in a mean field Hamiltonian each
particle usually reacts with all other particles via a very weak potential. However, one can still
apply to (1.3) similar mathematical methods as in the case of a mean field potential.
2The k-particle marginal density matrices play a key role in the analysis of the system as
N → ∞, because for every fixed k, γ
(k)
N
can have a well defined limit.
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It is clear from the definitions that the property of admissibility holds,
γ
(k)
N = Trk+1γ
(k+1)
N , k = 1, . . . , N − 1 , (1.5)
and that Trγ
(k)
N = ‖ψN‖
2
L2s(R
dN) = 1 for all N , and all k = 1, 2, ..., N .
Moreover, γ
(k)
N ≥ 0 is positive semidefinite as an operator S(R
kd)×S(Rkd)→ C,
(f, g) 7→
∫
dxdx′f(x)γ(x;x′)g(x′).
The time evolution of the density matrix γN is determined by the Heisenberg
equation
i∂tγN (t) = [HN , γN (t)] , (1.6)
which has the explicit form
i∂tγN (t, xN , x
′
N ) = −(∆xN −∆x′N )γN (t, xN , x
′
N ) (1.7)
+
1
N
∑
1≤i<j≤N
[VN (xi − xj)− VN (x
′
i − x
′
j)]γN (t, xN , x
′
N ) .
Accordingly, the k-particle marginals satisfy the BBGKY hierarchy
i∂tγ
(k)(t, xk;x
′
k) = −(∆xk −∆x′k)γ
(k)(t, xk, x
′
k)
+
1
N
∑
1≤i<j≤k
[VN (xi − xj)− VN (x
′
i − x
′
j)]γ
(k)(t, xk;x
′
k) (1.8)
+
N − k
N
k∑
i=1
∫
dxk+1[VN (xi − xk+1)− VN (x
′
i − xk+1)] (1.9)
γ(k+1)(t, xk, xk+1;xk, x
′
k+1)
where ∆xk :=
∑k
j=1∆xj , and similarly for ∆x′k . We note that the number of terms
in (1.8) is ≈ k
2
N → 0, and the number of terms in (1.9) is
k(N−k)
N → k as N → ∞.
Accordingly, for fixed k, (1.8) disappears in the limit N → ∞ described below,
while (1.9) survives.
1.1.2. From BBGKY hierarchy to GP hierarchy. A crucial step in this analysis is
the limit N →∞, and the extraction of closed equations for the time evolution of
limN→∞γ
(k)
N . It is proven in [11, 12, 13] that, for asymptotically factorizing initial
data, and a suitable weak topology on the space of marginal density matrices, one
can extract convergent subsequences γ
(k)
N → γ
(k) as N → ∞, for k ∈ N, which
satisfy the the infinite limiting hierarchy
i∂tγ
(k)(t, xk;x
′
k) = − (∆xk −∆x′k)γ
(k)(t, xk;x
′
k) (1.10)
+ b0
k∑
j=1
(
Bj,k+1γ
k+1
)
(t, xk;x
′
k) ,
which is referred to as the Gross-Pitaevskii (GP) hierarchy. Here,
(Bj,k+1γ
k+1)(t, xk;x
′
k)
:=
∫
dxk+1dx
′
k+1[δ(xj − xk+1)δ(xj − x
′
k+1)− δ(x
′
j − xk+1)δ(x
′
j − x
′
k+1)]
γ(k+1)(t, xk, xk+1;x
′
k, x
′
k+1) .
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The coefficient b0 is the scattering length if β = 1 (see [11, 23] for the definition),
and b0 =
∫
V (x)dx if β < 1 (corresponding to the Born approximation of the
scattering length). For β < 1, the interaction term is obtained from the weak limit
VN (x) → b0δ(x) in (1.9) as N → ∞. The proof for the case β = 1 is much more
difficult, and the derivation of the scattering length in this context is a breakthrough
result obtained in [11, 12]. For notational convenience, we will mostly set b0 = 1 in
the sequel.
Some key properties satisfied by the solutions of the GP hierarchy are:
• The solution of the GP hierarchy obtained in [11, 12] exists globally in t.
• It satisfies the property of admissibility,
γ(k) = Trk+1γ
(k+1) , ∀ k ∈ N , (1.11)
which is inherited from the system at finite N .
• There exists a constant C0 depending on the initial data only, such that
the a priori energy bound
Tr( |S(k,1)γ(k)(t)| ) < Ck0 (1.12)
is satisfied for all k ∈ N, and for all t ∈ R, where
S(k,α) :=
k∏
j=1
〈∇xj 〉
α〈∇x′
j
〉α . (1.13)
This is obtained from energy conservation in the originalN -body Schro¨dinger
system.
• Solutions of the GP hierarchy are studied in spaces of k-particle marginals
{γ(k) | ‖γ(k)‖h1 < ∞} with norms
‖γ(k)‖hα := Tr(|S
(k,α)γ(k)|) . (1.14)
This is in agreement with the a priori bounds (1.12).
1.1.3. Factorized solutions of GP and NLS. The NLS emerges as the mean field
dynamics of the Bose gas for the very special subclass of solutions of the GP hier-
archy that are factorized. Factorized k−particle marginals at time t = 0 have the
form
γ
(k)
0 (xk;x
′
k) =
k∏
j=1
φ0(xj)φ0(x′j) ,
where we assume that φ0 ∈ H
1(Rd). One can easily verify that the solution of the
GP hierarchy remains factorized for all t ∈ I ⊆ R,
γ(k)(t, xk;x
′
k) =
k∏
j=1
φ(t, xj)φ(t, x′j) ,
and that for the GP hierarchy given in (1.10) with b0 = 1, φ(t) ∈ H
1(Rd) solves
the defocusing cubic NLS,
i∂tφ = −∆xφ + |φ|
2φ , (1.15)
for t ∈ I ⊆ R, and φ(0) = φ0 ∈ H
1(Rd).
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1.1.4. Uniqueness of solutions of GP hierarchies. While the existence of factor-
ized solutions can be easily verified in the manner outlined above, the proof of
the uniqueness of solutions of the GP hierarchy (which encompass non-factorized
solutions) is the most difficult part in this analysis. The proof of uniqueness of
solutions to the GP hierarchy was originally achieved by Erdo¨s, Schlein and Yau
in [11, 12, 13] in the space {γ(k) | ‖γ(k)‖h1 < ∞}, for which the authors developed
highly sophisticated Feynman graph expansion methods.
In [20], Klainerman and Machedon introduced an alternative method for prov-
ing uniqueness in a space of density matrices defined by the Hilbert-Schmidt type
Sobolev norms
‖γ(k)‖Hα
k
:= (Tr( |S(k,α)γ(k)|2 ) )
1
2 < ∞ . (1.16)
While this is a different (strictly larger) space of marginal density matrices than
the one considered by Erdo¨s, Schlein, and Yau, [11, 12], the authors of [20] impose
an additional a priori condition on space-time norms of the form
‖Bj;k+1γ
(k+1)‖L2tH1k < C
k , (1.17)
for some arbitrary but finite C independent of k. The strategy in [20] developed to
prove the uniqueness of solutions of the GP hierarchy (1.10) in d = 3 involves the use
of certain space-time bounds on density matrices (of generalized Strichartz type),
and crucially employs the reformulation of a combinatorial result in [11, 12] into
a “board game” argument. The latter is used to organize the Duhamel expansion
of solutions of the GP hierarchy into equivalence classes of terms which leads to a
significant reduction of the complexity of the problem.
Subsequently, Kirkpatrick, Schlein, and Staffilani proved in [21] that the a priori
spacetime bound (1.17) is satisfied for the cubic GP hierarchy in d = 2, locally
in time. Their argument is based on the conservation of energy in the original
N -body Schro¨dinger system, and a related a priori H1-bounds for the BBGKY
hierarchy in the limit N → ∞ derived in [11, 12], combined with a generalized
Sobolev inequality for density matrices.
1.2. On the Cauchy problem for GP hierarchies. It is currently not known
how to rigorously derive a GP hierarchy from the N → ∞ limit of a BBGKY hi-
erarchy with L2-supercritical, attractive interactions. Nevertheless, we have begun
in [8] to adopt as our starting point the level of GP hierarchies, and to study the
well-posedness of the Cauchy problem for systems with both focusing and defocus-
ing interactions. Accordingly, the corresponding GP hierarchies are referred to as
cubic, quintic, focusing, or defocusing GP hierarchies, depending on the type of the
NLS governing the solutions obtained from factorized initial conditions.
In [8], we introduced the following topology on the Banach space of sequences
of k-particle marginal density matrices
G = {Γ = ( γ(k)(x1, . . . , xk;x
′
1, . . . , x
′
k) )k∈N |Trγ
(k) < ∞} . (1.18)
Given ξ > 0, we defined the space
Hαξ = {Γ | ‖Γ ‖Hαξ < ∞} (1.19)
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with the norm
‖Γ ‖Hα
ξ
:=
∑
k∈N
ξk ‖ γ(k) ‖Hα , (1.20)
where
‖γ(k)‖Hα
k
:= Tr( |S(k,α)γ(k)|2 )
1
2 (1.21)
is the norm (1.16) considered in [20]. If Γ ∈ Hαξ , then ξ
−1 an upper bound on the
typical Hα-energy per particle; this notion is made precise in [8]. We note that
small energy results are characterized by large ξ > 1, while results valid without
any upper bound on the size of the energy can be proven for arbitrarily small values
of ξ > 0; in the latter case, one can assume 0 < ξ < 1 without any loss of generality.
The parameter α determines the regularity of the solution.
In [8], we prove the local well-posedness of solutions for energy subcritical focus-
ing and defocusing cubic and quintic GP hierarchies in a subspace of Hαξ defined
by a condition related to (1.17)3. The precise formulation is given in Theorem 3.4
below. Our result is obtained from a Picard fixed point argument, and holds for
various dimensions d, without any requirement on factorization. The parameter
ξ > 0 is determined by the initial condition, and it sets the energy scale of the
given Cauchy problem. In addition, we prove lower bounds on the blowup rate for
blowup solutions of focusing GP-hierarchies in [8].
In the joint work [9] with Tzirakis, we identify a conserved energy functional
E1(Γ(t)) = E1(Γ0) describing the average energy per particle (the precise definition
is given in (4.2) below), and we prove virial identities for solutions of GP hierarchies.
In particular, we use these ingredients to prove that for L2-critical and supercritical
focusing GP hierarchies, blowup occurs whenever E1(Γ0) < 0 and the variance is
finite. We note that prior to [9], no exact conserved energy functional on the level
of the GP hierarchy was identified in any of the previous works, including [21] and
[11, 12].
1.3. Main results of this paper. We emphasize again that our results in [8],
which are quoted in Theorem 3.4 below, imply the local well-posedness of solutions
for the spaces considered by Klainerman and Machedon, [20]; those are of the form
Hαξ , under constraints similar to (1.17). However, they do not hold for the spaces
considered by Erdo¨s, Schlein and Yau, [11, 12], which are of the form H1ξ introduced
below.
To be more precise, we define the spaces
Hαξ = {Γ ∈ G | ‖Γ ‖Hαξ <∞} (1.22)
with
‖Γ ‖Hα
ξ
:=
∑
k∈N
ξk ‖ γ(k) ‖hα , (1.23)
where
‖γ(k)‖hα := Tr( |S
(k,α)γ(k)| ) . (1.24)
3 The parameter α determines the regularity of the solution (e.g. for cubic GP when d = 3,
α ∈ [1,∞)).
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For the existence of solutions Γ(t) ∈ H1ξ, we invoke the above noted results of
Erdo¨s, Schlein and Yau, [11, 12], where a global in time solution is constructed
from the solution of an N -body Schrodinger equation and the associated BBGKY
hierarchy. We note that expressed in our notation, the a priori energy bound (1.12)
implies that for any 0 < ξ < C−10 , one has
‖Γ(t) ‖H1
ξ
<
∑
k≥1
(C0ξ)
k < ∞ , t ∈ R . (1.25)
Hence, the solutions of the cubic defocusing GP hierarchy derived by Erdo¨s, Schlein
and Yau in [11, 12] are contained in the spaces H1ξ considered in this paper. Simi-
larly, solutions of the quintic GP hierarchy obtained in [7] (along the lines described
in Section 1.1) are contained in H1ξ.
The main results proven in this paper are:
(1) We introduce a new family of higher order energy functionals, generalizing
those found in [9], and prove that they are conserved for solutions of the
GP hierarchy (see Section 4).
(2) We introduce a generalization of Sobolev and Gagliardo-Nirenberg inequal-
ities on the level of marginal density matrices (see Section 5).
(3) We prove a priori energy bounds on positive semidefinite solutions Γ(t) ∈ H1ξ
for defocusing, energy-subcritical GP hierarchies (see Subsection 6.2), and
for focusing, L2-subcritical GP hierarchies (see Subsection 6.3). Our argu-
ment is based on the conservation of the higher order energy functionals,
and employs the above noted Sobolev inequalities for marginal density ma-
trices (see Section 5).
(4) Finally, we use the the higher order energy functionals in order to enhance
local to global wellposedness for solutions in the spaces H1ξ constructed in
[8], for initial data in H1ξ (see Section 7).
We note that our a priori upper bounds on the norm ‖Γ‖H1
ξ
hold for positive
semidefinite Γ. The condition of positive definiteness is physically meaningful be-
cause the components of Γ are interpreted as density matrices. An obvious example
of such Γ is given by arbitrary linear superpositions of factorized states with positive
coefficients, Γ0 =
∑
µjΓφj , µj > 0, and Γφj = ((|φj
〉〈
φj |)
⊗n)n∈N, φj ∈ H
1(Rd).
Also, Γ(t) obtained from the N →∞ limit of the BBGKY hierarchy of an N -body
Schro¨dinger equation is generally expected to be positive semidefinite. However,
the question whether positive semidefiniteness is generally preserved by the flow of
the GP hierarchy or not is not well understood, as far as we know, and we leave a
more systematic study of this issue to future work.
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2. Definition of the model
In this section, we introduce the mathematical model analyzed in this paper.
Most notations and definitions are adopted from [8], where we refer for motivations
and more details.
2.1. The spaces of marginal density matrices. We consider the space intro-
duced in [8]
G :=
∞⊕
k=1
L2(Rdk × Rdk)
of sequences of density matrices
Γ := ( γ(k) )k∈N
where γ(k) ≥ 0, Trγ(k) = 1, and where every γ(k)(xk, x
′
k) is symmetric in all
components of xk, and in all components of x
′
k, respectively, i.e.
γ(k)(xπ(1), ..., xπ(k);x
′
π′(1), ..., x
′
π′(k)) = γ
(k)(x1, ..., xk;x
′
1, ..., x
′
k) (2.1)
holds for all π, π′ ∈ Sk.
Throughout this paper, we will denote vectors (x1, · · · , xk) by xk and vectors
(x′1, · · · , x
′
k) by x
′
k.
The k-particle marginals are assumed to be hermitean,
γ(k)(xk;x
′
k) = γ
(k)(x′k;xk). (2.2)
We call Γ = (γ(k))k∈N admissible if γ
(k) = Trk+1γ
(k+1), that is,
γ(k)(xk;x
′
k) = γ
(k+1)(xk, xk+1;x
′
k, xk+1)
for all k ∈ N.
Let 0 < ξ < 1. In [8], we introduced the Hilbert-Schmidt type generalized
Sobolev spaces of sequences of marginal density matrices
Hαξ :=
{
Γ ∈ G
∣∣∣ ‖Γ‖Hα
ξ
< ∞
}
, (2.3)
where
‖Γ‖Hα
ξ
=
∞∑
k=1
ξk‖ γ(k) ‖Hα
k
,
with
‖γ(k)‖Hα
k
:=
(
Tr( |S(k,α)γ(k)|2 )
) 1
2 (2.4)
and S(k,α) :=
∏k
j=1
〈
∇xj
〉α〈
∇x′
j
〉α
. They also correspond to the spaces of solutions
studied in [20].
In contrast, we also define the L1-Schatten class type generalized Sobolev spaces
Hαξ :=
{
Γ ∈ G
∣∣∣ ‖Γ‖Hα
ξ
< ∞
}
, (2.5)
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where
‖Γ‖Hα
ξ
=
∞∑
k=1
ξk‖ γ(k) ‖hα
k
,
with
‖γ(k)‖hα
k
:= Tr( |S(k,α)γ(k)|) (2.6)
that correspond to the spaces of solutions studied in [11, 12].
2.2. The Gross-Pitaevskii (GP) hierarchy. To unify the notation for cubic
and quintic GP hierarchies, we introduced the notion of p-GP hierarchy in [8],
given as follows. Let p ∈ {2, 4}. Then, the p-GP hierarchy is given by
i∂tγ
(k) =
k∑
j=1
[−∆xj , γ
(k)] + µBk+ p2 γ
(k+ p2 ) (2.7)
for k ∈ N. Here,
Bk+ p2 γ
(k+ p2 ) = B+k+ p2
γ(k+
p
2 ) −B−k+ p2
γ(k+
p
2 ) , (2.8)
where
B+k+ p2
γ(k+
p
2 ) =
k∑
j=1
B+j;k+1,...,k+ p2
γ(k+
p
2 ),
and
B−k+ p2
γ(k+
p
2 ) =
k∑
j=1
B−j;k+1,...,k+ p2
γ(k+
p
2 ),
with (
B+
j;k+1,...,k+ p2
γ(k+
p
2 )
)
(t, x1, . . . , xk;x
′
1, . . . , x
′
k)
=
∫
dxk+1 · · · dxk+ p2 dx
′
k+1 · · · dx
′
k+ p2
k+ p2∏
ℓ=k+1
δ(xj − xℓ)δ(xj − x
′
ℓ)γ
(k+ p2 )(t, x1, . . . , xk+ p2 ;x
′
1, . . . , x
′
k+ p2
),
and (
B−
j;k+1,...,k+ p2
γ(k+
p
2 )
)
(t, x1, . . . , xk;x
′
1, . . . , x
′
k)
=
∫
dxk+1 · · · dxk+ p2 dx
′
k+1 · · · dx
′
k+ p2
k+ p2∏
ℓ=k+1
δ(x′j − xℓ)δ(x
′
j − x
′
ℓ)γ
(k+ p2 )(t, x1, . . . , xk+ p2 ;x
′
1, . . . , x
′
k+ p2
).
The operator Bk+ p2 γ
(k+ p2 ) accounts for p2 + 1-body interactions between the Bose
particles. We note that for factorized solutions, the corresponding 1-particle wave
function satisfies the p-NLS i∂tφ = −∆φ+ µ|φ|
pφ.
Following our conventions in [8, 9], we refer to (2.7) as the cubic GP hierarchy if
p = 2, and as the quintic GP hierarchy if p = 4. Moreover, we denote the L2-critical
exponent by pL2 =
4
d , and refer to (2.7) as a:
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• L2-critical GP hierarchy if p = pL2 .
• L2-subcritical GP hierarchy if p < pL2 .
• L2-supercritical GP hierarchy if p > pL2 .
In an analogous manner, we use the notion of energy-critical (respectively, energy-
subcritical and energy-supercritical GP hierarchies) if p = pH1 (respectively, p <
pH1 and p > pH1), where pH1 =
4
d−2 . Moreover, we respectively refer to the cases
µ = 1 or µ = −1 as defocusing or focusing GP hierarchies.
For notational brevity, we introduced the following compact notation for the
p-GP hierarchy in [8],
i∂tΓ + ∆̂±Γ = µB̂Γ
Γ(0) = Γ0 , (2.9)
where
∆̂±Γ := (∆
(k)
± γ
(k) )k∈N with ∆
(k)
± = ∆xk −∆x′k ,
and
B̂Γ := (Bk+ p2 γ
(k+ p2 ) )k∈N . (2.10)
Moreover, we will use the notation
B̂+Γ := (B+
k+ p2
γ(k+
p
2 ) )k∈N,
B̂−Γ := (B−k+ p2
γ(k+
p
2 ) )k∈N .
3. Statement of the main Theorems
In this section, we state the main results of this paper. In Theorem 3.1, we
establish the conservation of novel higher order energy functionals for solutions of
p-GP hierarchies in H1ξ, which are first introduced in this paper. This result is
used to prove a priori energy bounds on positive semidefinite solutions for defo-
cusing, energy subcritical p-GP hierarchies in Theorem 3.2, and for (de)focusing
L2-subcritical p-GP hierarchies in Theorem 3.3.
We note that the local well-posedness of solutions in the space H1ξ has so far
been an open problem. While the unconditional uniqueness (that is, without any
requirement on the a priori boundedness of some Strichartz norm) of solutions in H1ξ
has been proven in [11, 12], existence of solutions is only established for factorized
data. This is because in [11, 12], solutions to the GP hierarchy have been derived
only for initial data for the N -body Schrodinger system that are asymptotically
factorizing.
Our local well-posedness result proven in [8] implies the well-posedness of solu-
tions in H1ξ with initial data in H
1
ξ ⊂ H
1
ξ , under the requirement that B̂Γ ∈ L
2
tH
α
ξ
holds, similar to the a priori space time bound introduced by Klainerman and
Machedon in [20]. Using the conserved, higher order energy functionals, we prove
in this paper that positive semidefinite solutions of this form remain in H1ξ, and can
in fact be enhanced to global solutions. This is demonstrated for the defocusing
energy subcritical case, and for the L2-subcritical (de)focusing case.
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Our a priori upper bounds on the H1ξ-norm of Γ hold for positive semidefinite
Γ, as has been noted here and in the introduction. Positive definiteness is physi-
cally meaningful because the components of Γ are interpreted as density matrices.
An obvious example is given by arbitrary linear superpositions of factorized states
with positive coefficients, Γ0 =
∑
µjΓφj , µj > 0, and Γφj = ((|φj
〉〈
φj |)
⊗n)n∈N,
φj ∈ H
1(Rd). Furthermore, Γ(t) obtained from the N → ∞ limit of the BBGKY
hierarchy of an N -body Schrodinger equation is generally expected to be positive
semidefinite. The question whether Γ(t) is positive semidefinite whenever the same
holds for Γ0 is not well understood, as far as we know, and we leave a more sys-
tematic study of this issue to future work.
Theorem 3.1. Let Γ(t) ∈ H1ξ be a solution of the p-GP hierarchy, for t ∈ I ⊆ R
with {0} ∈ I, and some 0 < ξ < 1. Then, the infinite family of operators (K(m))m∈N
presented in (4.3) below define an infinite sequence of linear functionals,
Γ(t) 7→ (
〈
K(m)
〉
Γ(t)
)m∈N (3.1)
where 〈
K(m)
〉
Γ(t)
:= Tr(K(m) γ(mkp)(t) ) , (3.2)
which we refer to as higher order energy functionals. Here, we recall that
Γ(t) = (γ(n)(t))n∈N and kp = 1 +
p
2 . The higher order energy functionals have the
following properties:
• They are bounded, and in particular, there exists 0 < ξˆ < ξ such that∑
m∈N
ξˆm
〈
K(m)
〉
Γ(t)
≤ ‖Γ(t)‖H1
ξ
(3.3)
holds, for all t ∈ I.
• The higher order energy functionals are conserved,〈
K(m)
〉
Γ(t)
=
〈
K(m)
〉
Γ(0)
(3.4)
for all t ∈ I, and all m ∈ N.
• Assuming that the initial condition satisfies Γ(0) ∈ H1ξ′ for some 0 < ξ
′ < 1,
and that
ξ ≤
(
1 +
2
p+ 2
CSob(d, p)
)− 1
kp ξ′ , (3.5)
where the constant CSob(d, p) is as in Theorem 5.1 below, the a priori bound∑
m∈N
(2ξ)m
〈
K(m)
〉
Γ(t)
≤ ‖Γ0‖H1
ξ′
(3.6)
is satisfied for p < 4d−2 and |µ| ≤ 1 (focusing and defocusing hierarchies).
Accordingly, the higher order energy functionals are bounded, and for sufficiently
small ξ > 0, the associated power series (3.6) is bounded by the initial data of the
solution Γ(t) ∈ H1ξ, due to their time invariance.
On the other hand, the higher order energy functionals provide us with a priori
bounds on the H1ξ norm of the solution itself. In case of defocusing p-GP hierarchies,
we find the following result.
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Theorem 3.2. Assume that µ = +1 (defocusing p-GP hierarchy), p < 4d−2 , and
that Γ(t) ∈ H1ξ for t ∈ [0, T ], is a positive semidefinite solution of the p-GP hierarchy
with initial data Γ0 ∈ H
1
ξ′ for ξ, ξ
′ as in (3.5). Then, the a priori bound
‖Γ(t)‖H1
ξ
≤
∑
m∈N
(2ξ)m
〈
K(m)
〉
Γ(t)
=
∑
m∈N
(2ξ)m
〈
K(m)
〉
Γ0
≤ ‖Γ0‖H1
ξ′
(3.7)
is satisfied for all t ∈ [0, T ].
For focusing, L2-subcritical p-GP hierarchies, we obtain a similar result, provided
that the interaction is not too large.
Theorem 3.3. Let p < pL2 =
4
d (L
2 subcritical). Moreover, let α > α0 :=
(kp−1)d
2kp
and αkp < 1, where kp = 1 +
p
2 , and α < 1. Let
D := D(α, p, d, |µ|) =
(
1− |µ|
C0(α)
1− 4−(1−αkp)
)
, (3.8)
where C0(α) is characterized in (6.20).
Assume that Γ(t) ∈ H1ξ is a positive semidefinite solution of the focusing (µ < 0)
p-GP hierarchy for t ∈ I, with initial data Γ(0) = Γ0 ∈ H
1
ξ′ , where
ξ ≤
1
D
(
1 +
2
p+ 2
CSob(d, p)
)− 1
kp ξ′ . (3.9)
If µ < 0 is such that
|µ| <
1− 4−(1−αkp)
C0(α)
, (3.10)
then the a priori bound
‖Γ(t) ‖H1
ξ
≤
∞∑
m=1
(2D ξ)m
〈
K(m)
〉
Γ(t)
(3.11)
=
∞∑
m=1
(2D ξ)m
〈
K(m)
〉
Γ0
(3.12)
≤ ‖Γ0‖H1
ξ′
(3.13)
holds for all t ∈ I.
In [8], we proved local well-posedness of solutions in the spaces Γ ∈ L∞t H
α
ξ under
the condition that B̂Γ ∈ L2tH
α
ξ .
Theorem 3.4. Let
α ∈ A(d, p) :=


(12 ,∞) if d = 1
(d2 −
1
2(p−1) ,∞) if d ≥ 2 and (d, p) 6= (3, 2)[
1,∞) if (d, p) = (3, 2) .
(3.14)
Then, there exists a constant 0 < η < 1 such that for 0 < ξ ≤ η ξ′ ≤ 1, there
exists a constant T0(d, p, ξ, ξ
′) > 0 such that the following holds. Let I := [0, T ]
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for 0 < T < T0(d, p, ξ, ξ
′). Then, there exists a unique solution Γ ∈ L∞t∈IH
α
ξ of the
p-GP hierarchy, with
‖ B̂Γ ‖L1
t∈I
Hα
ξ
< C(T, ξ, ξ′, d, p) ‖Γ0‖Hα
ξ′
, (3.15)
in the space
Wα(I, ξ) = {Γ ∈ L∞t∈IH
α
ξ | B̂
+Γ , B̂−Γ ∈ L2t∈IH
α
ξ } (3.16)
for the initial condition Γ(0) = Γ0 ∈ H
α
ξ′ .
We note that the presence of two different energy scales ξ, ξ′ has the following
interpretation on the level of the NLS. Let R0 := (ξ
′)−1/2 and R1 := ξ
−1/2. Then,
the local well-posedness result in Theorem 3.4, applied to factorized initial data
Γ0 = Γφ0 , is equivalent to the following statement: For ‖φ0‖H1(Rn) < R0, there
exists a unique solution ‖φ‖L∞t∈IH1(Rn) < R1, with R1 > R0, in the space
{φ ∈ L∞t∈IH
1(Rn) | ‖|φ|pφ‖L2tH1 <∞} .
This version of local well-posedness, specified for balls BR0(0), BR1(0) ⊂ H
1(Rn),
contains the less specific formulation of local well-posedness where only finiteness
is required, ‖φ0‖H1(Rn) <∞ and ‖φ‖L∞
t∈I
H1(Rn) <∞.
In this paper we enhance local to global wellposedness for solutions in the spaces
H1ξ constructed in [8], for initial data in H
1
ξ′ ⊂ H
1
ξ′ with ξ < ξ
′, provided that the
solution is positive semidefinite. The proof is again based on the use of the higher
order energy functionals.
Theorem 3.5. Assume one of the following two cases:
• Energy subcritical, defocusing p-GP hierarchy with p < 4d−2 and µ = +1.
Moreover, ξ, ξ′ satisfy (3.5).
• L2 subcritical, focusing p-GP hierarchy with p < 4d and µ < 0 satisfying
(3.10). In addition, ξ, ξ′ satisfy (3.9).
Then, there exists T > 0 such that for Ij := [jT, (j + 1)T ], with j ∈ Z, there
exists a unique global solution Γ ∈ ∪j∈ZW
1(Ij , ξ) of the p-GP hierarchy with initial
condition Γ(0) = Γ0 ∈ H
1
ξ′ , satisfying
‖Γ(t)‖H1
ξ
≤ ‖Γ(t)‖H1
ξ
≤ C‖Γ0‖H1
ξ′
(3.17)
for all t ∈ R, if Γ(t) is positive semidefinite for all t ∈ Ij, j ∈ Z.
4. Higher order energy conservation
In this section, we introduce a higher order generalization of the energy functional
introduced in [9]. We prove that it is a conserved quantity for solutions of the p-GP
hierarchy. As a main application, this conserved quantity will be used to enhance
local well-posedness (obtained in [8]) to global well-posedness for certain defocusing
GP-hierarchies in the spaces H1ξ , for initial data in H
1
ξ (see Section 7 for details).
Let
kp := 1 +
p
2
. (4.1)
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We define the operators
Kℓ :=
1
2
(1 − ∆xℓ)Trℓ+1,...,ℓ+p2 +
µ
p+ 2
B+ℓ;ℓ+1,...,ℓ+ p2
for ℓ ∈ N. This operator is related to the average energy per particle E1(Γ) (intro-
duced in [9]) through
1
2
+ E1(Γ)
= Tr1,...,ℓ,ℓ+k,··· ,jKℓγ
(j)
=
1
2
+
1
2
Tr1(−∆xγ
(1)) +
µ
p+ 2
∫
dx γ(kp)(x, . . . , x;x, . . . , x) , (4.2)
using the admissibility of Γ = (γj)j∈N, see also [9].
Moreover, we introduce the operator
K(m) := K1Kkp+1 · · ·K(m−1)kp+1 (4.3)
where the m factors are mutually commuting, in the sense that
Kjkp+1Kj′kp+1γ
(j) = Kj′kp+1Kjkp+1γ
(j) (4.4)
holds for 0 ≤ j 6= j′ ≤ m− 1.
We may now give the precise statement of our main result that provides the
conservation of higher energy functional for solutions of the p-GP hierarchy.
Theorem 4.1. Assume that Γ = (γ(j)) ∈ H1ξ is admissible and solves the p-GP
hierarchy. Then, for all m ∈ N, the higher order energy functionals〈
K(m)
〉
Γ(t)
:= Tr1,kp+1,2kp+1,...,(m−1)kp+1(K
(m) γ(mkp)(t) ) (4.5)
are bounded, and are conserved quantities, i.e.
∂t
〈
K(m)
〉
Γ(t)
= 0 , (4.6)
for every m ∈ N.
Remark 4.2. As is shown in Theorem 6.1 below,
〈
K(m)
〉
Γ(t)
are bounded, and in
particular, there exists 0 < ξˆ < ξ such that∑
m∈N
ξˆm
〈
K(m)
〉
Γ(t)
≤ ‖Γ(t)‖H1
ξ
(4.7)
holds, for all t ∈ I. Hence, the conserved quantities
〈
K(m)
〉
Γ(t)
are well defined for
solutions of the GP hierarchy Γ = (γ(j)) ∈ H1ξ.
Remark 4.3. We note that in the definition of
〈
K(m)
〉
Γ(t)
, we may replace γ(mkp)
by any γ(j) with j ≥ mkp, and would still obtain the same value of
〈
K(m)
〉
Γ(t)
.
Proof. To prove (4.6), we note that
i∂tγ
(mkp) =
m∑
ℓ=1
(
h±ℓ γ
(mkp) + µ b±ℓ γ
(mkp+
p
2 )
)
(4.8)
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where
h±ℓ γ
(mkp)(xmkp ;x
′
mkp) (4.9)
:= −
ℓkp∑
j=(ℓ−1)kp+1
(∆xj −∆x′j ) γ
(mkp)(xmkp ;x
′
mkp)
and (
b±ℓ γ
(mkp+
p
2 )
)
(xmkp ;x
′
mkp) (4.10)
:=
ℓkp∑
j=(ℓ−1)kp+1
(B±j;mkp+1,...,mkp+ p2
γ(mkp+
p
2 ))(xmkp ;x
′
mkp) .
Accordingly,
∂t
〈
K(m)
〉
Γ(t)
=
m∑
ℓ=1
[
A(ℓ;m)
]
,
where
A(ℓ;m) (4.11)
:= Tr1,kp+1,2kp+1,...,(m−1)kp+1
(
K(m)
(
h±ℓ γ
(mkp) + µ b±ℓ γ
(mkp+
p
2 )
) )
.
We claim that
A(ℓ;m) = 0 (4.12)
for every ℓ ∈ {1, . . . ,m}.
To prove this, we first of all note that by symmetry of γ(mkp)(xmkp ;x
′
mkp
) with
respect to the components of xmkp and x
′
mkp
, it suffices to assume that ℓ = 1. The
other cases are similar.
Accordingly, letting ℓ = 1, we introduce the notations
γ˜(kp)(xkp ;x
′
kp) := Trkp+1,...,mkp(Kkp+1 · · ·K(m−1)kp+1γ
(mkp) ) (4.13)
and
γ˜(2kp−1)(xkp , ykp−1
;x′kp , y
′
kp−1
) (4.14)
:= Trkp+1,...,mkp(Kkp+1 · · ·K(m−1)kp+1γ
(mkp+
p
2 ) )(xkp , ykp−1
;x′kp , y
′
kp−1
)
where yi = xmkp+i and y
′
i = x
′
mkp+i
, for i ∈ {1, . . . , kp − 1}.
In what follows, we will keep m fixed, and omit it from the notation. Given γ˜(j)
with j ∈ {kp, 2kp − 1}, we decompose
Rjd =
⋃
r∈Zjd
Qr (4.15)
into disjoint cubes Qr obtained from translating the unit cube [0, 1)
jd by r ∈ Zjd.
We then define
γ˜
(j)
r,r′ := PQr ,Qr′ (γ˜
(j)) (4.16)
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where PQr ,Qr′ is the Fourier multiplication operator with symbol given by the
characteristic function of Qr ×Qr′ . That is,
̂˜
γ
(j)
r,r′(uj ;u
′
j) = χQr (uj)χQr′ (u
′
j)
̂˜γ(j)(uj ;u′j) (4.17)
for r, r′ ∈ Zjd.
Using the notation
K1 = K
(1)
1 + K
(2)
1 (4.18)
where
K
(1)
1 :=
1
2
(1−∆x1)Tr2,...,kp (4.19)
and
K
(2)
1 :=
µ
p+ 2
B+1;2,...,kp , (4.20)
we consider
A
(1)
h (r, r
′) := Tr1(K
(1)
1 h
±
1 γ˜
(kp)
r,r′ )
= −
1
2
Tr1,2,...,kp( (1−∆x1)
kp∑
j=1
(∆xj −∆x′j ) γ˜
(kp)
r,r′ )
=
1
2
∫
du1 . . . dukpdu
′
1 . . . du
′
kp
∫
dx1 . . . dxkpdx
′
1 . . . dx
′
kp
δ(x1 − x
′
1) · · · δ(xkp − x
′
kp) (1 + u
2
1)
kp∑
j=1
(
u2j − (u
′
j)
2
)
( kp∏
l=1
ei(ulxl−u
′
lx
′
l)
)̂
γ˜
(kp)
r,r′ (ukp ;u
′
kp) (4.21)
=
1
2
∫
Qr×Qr′
du1 . . . dukpdu
′
1 . . . du
′
kp
( kp∏
l=1
δ(ul − u
′
l)
)
(1 + u21)
kp∑
j=1
(
u2j − (u
′
j)
2
)
̂˜γ(kp)(ukp ;u
′
kp) (4.22)
for Qr, Qr′ ∈ R
dkp and r, r′ ∈ Zdkp .
Moreover, for Qr, Qr′ ∈ R
d(2kp−1) and r, r′ ∈ Zd(2kp−1), we let
A
(1)
b (r, r
′) := Tr1(K
(1)
1 b
±
1 γ˜
(2kp−1)
r,r′ ) (4.23)
and
A
(2)
h (r, r
′) := Tr1(K
(2)
1 h
±
1 γ˜
(kp)
r,r′ ) ,
= Tr1(K
(2)
1 h
±
1 Trkp+1···2kp−1γ˜
(2kp−1)
r,r′ ) ,
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where we used admissibility to pass to the last line. Also we let
A
(2)
b (r, r
′) := Tr1(K
(2)
1 b
±
1 γ˜
(2kp−1)
r,r′ )
=
µ
p+ 2
Tr1(B
+
1;2,...,kp
b±1 γ˜
(2kp−1)
r,r′ )
=
µ
p+ 2
kp∑
j=1
Tr1(B
+
1;2,...,kp
B±j;kp+1,...,2kp−1γ˜
(2kp−1)
r,r′ )
=
µ
p+ 2
kp∑
j=1
∫
dx1 . . . dxkpdx
′
1 . . . dx
′
kp δ(x1 = · · · = xkp = x
′
1 = · · · = x
′
kp)(
B±j;kp+1,...,2kp−1γ˜
(2kp−1)
r,r′
)
(xkp , x
′
kp) ,
where we have adopted the notation
δ(x1 = · · · = xkp = x
′
1 = · · · = x
′
kp)
:= δ(x1 − x
′
1)
kp∏
ℓ=2
( δ(x1 − xℓ) δ(x1 − x
′
ℓ) ) (4.24)
from [9].
Proof of A
(1)
h (r, r
′) = 0. We recall that Qr ∈ R
dkp and r, r′ ∈ Zdkp . We have
A
(1)
h,+(r, r
′) :=
1
2
∫
Qr×Qr′
du1 . . . dukpdu
′
1 . . . du
′
kp
( kp∏
l=1
δ(ul − u
′
l)
)
(1 + u21)
kp∑
j=1
u2j
̂˜γ(kp)(ukp ;u
′
kp) (4.25)
= δr,r′
1
2
∫
Qr
du1 . . . dukp(1 + u
2
1)
( kp∑
j=1
u2j
)
̂˜γ(kp)(ukp ;ukp)
≤ sup
ukp∈Qr
( 1
2
(1 + u21)
( kp∑
j=1
u2j
) )
Tr(γ˜(kp))
≤ C(Qr) (4.26)
is finite, for every choice of Qr. Therefore,
A
(1)
h (r, r
′) = A
(1)
h,+(r, r
′) − A
(1)
h,−(r, r
′) = 0 , (4.27)
as claimed, since A
(1)
h,−(r, r
′) = A
(1)
h,+(r, r
′) from direct comparison of terms in (4.25)
and (4.22).
Proof of A
(2)
b (r, r
′) = 0. We recall that in this situation, we have Qr ∈ R
d(2kp−1)
and r, r′ ∈ Zd(2kp−1). Using the definition of B±j;kp+1,...,2kp−1, we find that the term
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in A
(2)
b (r, r
′) involving B+j;kp+1,...,2kp−1 is given by
A
(2)
b,+(r, r
′)
=
µ
p+ 2
kp∑
j=1
∫
dx1 . . . dxkpdx
′
1 . . . dx
′
kp δ(x1 = · · · = xkp = x
′
1 = · · · = x
′
kp)
γ˜
(2kp−1)
r,r′ (x1, . . . , xkp , xj , . . . , xj︸ ︷︷ ︸
kp−1
;x′1, . . . , x
′
kp , xj , . . . , xj︸ ︷︷ ︸
kp−1
)
=
µ kp
p+ 2
∫
Qr×Qr′
du1 . . . du2kp−1du
′
1 . . . du
′
2kp−1 δ(
2kp−1∑
j=1
(uj − u
′
j))
̂γ˜(2kp−1)(u2kp−1;u
′
2kp−1) . (4.28)
We need to verify that it is well-defined.
To this end, we write
̂γ˜(2kp−1)(s;u2kp−1;u
′
2kp−1) =
∑
j
λj(s)φj(u2kp−1)φj(u
′
2kp−1
) , (4.29)
where {φj} is an orthonormal basis of L
2(Rd(2kp−1)), and
∑
j λj(s) = 1, with
0 ≤ λj(s) ≤ 1. We observe that
∣∣∣ ∫
Qr×Qr′
du2kp−1du
′
2kp−1δ
( 2kp−1∑
i=1
(ui − u
′
i)
)
φj(u2kp−1)φj(u
′
2kp−1
)
∣∣∣
≤
1
2
∫
Qr×Qr′
du2kp−1du
′
2kp−1δ
( 2kp−1∑
i=1
(ui − u
′
i)
)(
|φj(u2kp−1)|
2 + |φj(u
′
2kp−1)|
2
)
=:
1
2
(
(i) + (ii)
)
, (4.30)
where
(i) =
∫
Qr×Qr′
du2kp−1du
′
2kp−1δ
( 2kp−1∑
i=1
(ui − u
′
i)
)
|φj(u2kp)|
2
=
∫
Qr
du2kp−1|φj(u2kp−1)|
2A(
2kp−1∑
i=1
ui)
≤ Tr( γ˜(2kp−1)r,r ) sup
ζ∈Rd
A(ζ) , (4.31)
with
A(ζ) :=
∫
Qr′
du′2kp−1 δ
(
ζ −
2kp−1∑
i=1
u′i
)
. (4.32)
We observe that this is the measure of the intersection Qr′ ∩ Lζ where
Lζ := { u
′
2kp−1 ∈ R
d(2kp−1) |
2kp−1∑
i=1
u′i = ζ } (4.33)
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is an affine subspace of dimension d(2kp − 2), for ζ ∈ R
d. Clearly,
meas(Qr′ ∩ Lζ ) < meas(BR ∩ Lζ ) < C0 (4.34)
uniformly in ζ, where we may take BR to be the smallest closed ball (with R
denoting its radius) concentric with Qr such that BR ⊃ Qr. Indeed, the maximum
of meas(BR ∩Lζ ) is attained when ζ is such that the center of BR is contained in
Lζ, and corresponds to the volume of the d(2kp − 2)-dimensional ball of radius R.
We conclude that ∑
j
λj(s)‖φj‖
2
L2 sup
ζ
A(ζ) ≤ C0
∑
j
λj(s)
= C0 , (4.35)
since ‖φj‖
2
L2 = 1 for all j. The same bound holds for the term (ii). This implies
that
|A
(2)
b,+(r, r
′) | < C (Tr( γ˜(2kp−1)r,r ) + Tr( γ˜
(2kp−1)
r′,r′ ) ) < C
′ . (4.36)
Moreover, one can straightforwardly see that including the term in A
(2)
b (r, r
′) in-
volving the operator B−j;kp+1,...,2kp−1, one has A
(2)
b (r, r
′) = A
(2)
b,+(r, r
′)− A
(2)
b,−(r, r
′)
where A
(2)
b,−(r, r
′) = A
(2)
b,+(r, r
′). Therefore,
A
(2)
b (r, r
′) = A
(2)
b,+(r, r
′) − A
(2)
b,−(r, r
′) = 0 (4.37)
is indeed satisfied.
Proof of A
(2)
h (r, r
′) + µA
(1)
b (r, r
′) = 0. Here, we again have Qr ∈ R
d(2kp−1) and
r, r′ ∈ Zd(2kp−1). We claim that
A
(2)
h (r, r
′) + µA
(1)
b (r, r
′) = 0 (4.38)
holds.
To this end, we note that
A
(1)
b (r, r
′) =
1
2
Tr1( (1−∆x1)Tr2,...,kp
kp∑
j=1
B±j;kp+1,...,2kp−1γ˜
(2kp−1)
r,r′ )
=
1
2
kp∑
j=2
Tr1,2,...,kp( (1−∆x1)B
±
j;kp+1,...,2kp−1
γ˜
(2kp−1)
r,r′ ) (4.39)
+
1
2
Tr1,2,...,kp( (1−∆x1)B
±
1;kp+1,...,2kp−1
γ˜
(2kp−1)
r,r′ )
=
1
2
Tr1,2,...,kp( (1 −∆x1)B
±
1;kp+1,...,2kp−1
γ˜
(2kp−1)
r,r′ )
=
1
2
∫
dx1 . . . dxkpdx
′
1 . . . dx
′
kp δ(x1 − x
′
1) · · · δ(xkp − x
′
kp) (4.40)(
(1−∆x1)B
±
1;kp+1,...,2kp−1
γ˜
(2kp−1)
r,r′
)
(xkp , x
′
kp) . (4.41)
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Using the definition of B±1;kp+1,...,2kp−1 and the identity (4.12) from [9], this equals
A
(1)
b (r, r
′) =
1
2
∫
dx1 . . . dxkpdx
′
1 . . . dx
′
kp δ(x1 − x
′
1) · · · δ(xkp − x
′
kp)(
1 +∇x1 ∇x′1
)
[ γ˜
(2kp−1)
r,r′ (x1, . . . , xkp , x1, . . . , x1︸ ︷︷ ︸
kp−1
;x′1, . . . , x
′
kp , x1, . . . , x1︸ ︷︷ ︸
kp−1
)
− γ˜
(2kp−1)
r,r′ (x1, . . . , xkp , x
′
1, . . . , x
′
1︸ ︷︷ ︸
kp−1
;x′1, . . . , x
′
kp , x
′
1, . . . , x
′
1︸ ︷︷ ︸
kp−1
) ]
=
1
2
∫
dx1 . . . dxkpdx
′
1 . . . dx
′
kp δ(x1 − x
′
1) · · · δ(xkp − x
′
kp)
[∆x′1 γ˜
(2kp−1)
r,r′ (x1, . . . , xkp , x1, . . . , x1︸ ︷︷ ︸
kp−1
;x′1, . . . , x
′
kp , x1, . . . , x1︸ ︷︷ ︸
kp−1
)
−∆x1 γ˜
(2kp−1)
r,r′ (x1, . . . , xkp , x
′
1, . . . , x
′
1︸ ︷︷ ︸
kp−1
;x′1, . . . , x
′
kp , x
′
1, . . . , x
′
1︸ ︷︷ ︸
kp−1
) ].
(4.42)
On the other hand, we consider
A
(2)
h (r, r
′) = −
µ
p+ 2
Tr1(B
+
1;2,...,kp
kp∑
j=1
(∆xj −∆x′j )Trkp+1···2kp−1γ˜
(2kp−1)
r,r′ )
= −
µ
p+ 2
∫
dx1 . . . dxkpdx
′
1 . . . dx
′
kp δ(x1 = ... = xkp = x
′
1 = ... = x
′
kp)
kp∑
j=1
(∆xj −∆x′j )Trkp+1···2kp−1γ˜
(2kp−1)
r,r′ (x2kp−1;x
′
2kp−1) (4.43)
By symmetry of γ˜(kp) with respect to the components of xkp and x
′
kp
, this yields
A
(2)
h (r, r
′) = −
µ kp
p+ 2
∫
dx1 . . . dxkpdx
′
1 . . . dx
′
kp δ(x1 = ... = xkp = x
′
1 = ... = x
′
kp)
(∆x1 −∆x′1)Trkp···2kp−1γ˜
(2kp−1)
r,r′ (x2kp−1;x
′
2kp−1) (4.44)
= −
µ
2
∫
dx1 . . . dxkpdx
′
1 . . . dx
′
kp δ(x1 − x
′
1) · · · δ(xkp − x
′
kp)
[∆x′1 γ˜
(2kp)
r,r′ (x1, . . . , xkp , x1, . . . , x1︸ ︷︷ ︸
kp−1
;x′1, . . . , x
′
kp , x1, . . . , x1︸ ︷︷ ︸
kp−1
)
−∆x1 γ˜
(2kp)
r,r′ (x1, . . . , xkp , x
′
1, . . . , x
′
1︸ ︷︷ ︸
kp−1
;x′1, . . . , x
′
kp , x
′
1, . . . , x
′
1︸ ︷︷ ︸
kp−1
) ],
(4.45)
where we exchanged the roles of (xj , x
′
j) for j = 1, . . . , kp with those of (xj , x
′
j) for
j = kp + 1, . . . , 2kp.
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Similarly as above, one can prove that each term in the difference is separately
finite, that is,
A
(2)
h (r, r
′) = A
(2)
h,+(r, r
′) − A
(2)
h,−(r, r
′) (4.46)
where both
A
(2)
h,+(r, r
′)
:=
µ kp
p+ 2
∫
Qr×Qr′
du1 . . . du2kp−1du
′
1 . . . du
′
2kp−1 δ(u2 − u
′
2) · · · δ(ukp − u
′
kp)u
2
1
δ(u1 − u
′
1 +
2kp−1∑
j=kp+1
(uj − u
′
j))
̂γ˜(2kp−1)(u2kp−1;u
′
2kp−1) (4.47)
and
A
(2)
h,−(r, r
′)
:=
µ kp
p+ 2
∫
Qr×Qr′
du1 . . . du2kp−1du
′
1 . . . du
′
2kp−1 δ(u2 − u
′
2) · · · δ(ukp − u
′
kp) (u
′
1)
2
δ(u1 − u
′
1 +
2kp−1∑
j=kp+1
(uj − u
′
j))
̂γ˜(2kp−1)(u2kp−1;u
′
2kp−1) (4.48)
are bounded for any (r, r′). The proof is straightforwardly obtained from adapting
the proof of A
(2)
b (r, r
′) = 0, by substituting ̂γ˜(2kp−1) → u21
̂γ˜(2kp−1), respectively
̂γ˜(2kp−1) → (u′1)
2 ̂γ˜(2kp−1) in the arguments given there. The result is that
A
(2)
h,±(r, r
′) < C
(
Tr( γ˜(2kp−1)r,r ) + Tr( γ˜
(2kp−1)
r′,r′ )
)
< C′ . (4.49)
We shall not repeat the details here.
As a consequence, we obtain that
µA
(1)
b (r, r
′) + A
(2)
h (r, r
′) = 0 , (4.50)
by comparing terms in (4.42) and (4.45). This proves (4.38).
Collecting the above results, we arrive at
A(1;m)
=
∑
r,r′∈Zdkp
A
(1)
h (r, r
′) +
∑
r,r′∈Zd(2kp−1)
(
µA
(1)
b (r, r
′) +A
(2)
h (r, r
′) +A
(2)
b (r, r
′)
)
= 0 , (4.51)
and similarly, A(ℓ;m) = 0 for all ℓ = 2, . . . ,m (see (4.11)). Therefore,
∂t
〈
K(m)
〉
Γ(t)
=
m∑
ℓ=1
[
A(ℓ;m)
]
= 0 . (4.52)
Consequently, we have proved (4.6). 
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5. Generalized Sobolev and Gagliardo-Nirenberg inequalities
As a preparation for Section 6 where we use higher order energy conservation to
obtain a priori bounds on the H1ξ-norm of solutions of p-GP hierarchies, we present
a generalization of Sobolev and Gagliardo-Nirenberg inequalities on the level of
density matrices. We remark that W. Beckner recently derived a family of sharp
estimates in [5] related to results of this type.
Theorem 5.1. (Sobolev inequality) Assume that f ∈ Hα(Rqd) for α > α0 :=
(q−1)d
2q < 1. Then, there exists a constant C(d, q, α) such that( ∫
dx|f(x, . . . , x︸ ︷︷ ︸
q
)|2
) 1
2
≤ C(d, q, α)
( ∫
dx1 · · · dxq
∣∣ 〈∇x1〉α · · · 〈∇xq〉α f(x1, . . . , xq)∣∣2 ) 12
= ‖ f ‖Hαx1,...,xq (5.1)
for xi ∈ R
d. In particular, C(d, q, α) < C′(d, q)|α − α0|
−q/2.
Proof. We use a Littlewood-Paley decomposition 1 =
∑
j Pj where Pj acts in fre-
quency space as multiplication with the characteristic function on the dyadic an-
nulus Ai := {ξ ∈ R
d|2j ≤ |ξ| < 2j+1}, and P0 is the characteristic function on the
unit ball.
Let j1, . . . , jq ∈ N0, and
fj1...jq (x1, . . . , xq) := (P
(1)
j1
· · ·P
(q)
jq
f)(x1, . . . , xq) (5.2)
where the superscript in P
(m)
i signifies that it acts on the m-th variable.
Then, clearly, the Fourier transform satisfies
f̂j1...jq (ξ1, . . . , ξq) = hj1(ξ1) · · ·hjq (ξq)f̂j1...jq (ξ1, . . . , ξq) (5.3)
where hi are Schwartz class functions with Pihi = Pi.
We note that
h∨j (x) =
∫
dξ hj(ξ) e
2πiξx
= 2jd
∫
dξ h1(ξ) e
2πiξ(2jx)
= 2jd h∨1 (2
jx) . (5.4)
Therefore, h∨j is a smooth delta function with amplitude 2
jd, and supported on a
ball of radius 2−j . In particular,
‖ h∨j ‖L∞x ≤ c 2
jd , ‖ h∨j ‖L1x = ‖ h
∨
1 ‖L1x ≤ c
′ , (5.5)
for constants c, c′ independent of j. Because hj is an even function for all j, it
follows that h∨j ∈ R.
GLOBAL WELL-POSEDNESS FOR THE GP HIERARCHY 23
Accordingly, performing the inverse Fourier transform,
fj1...jq (x1, . . . , xq) =
∫
dy1 · · · dyq fj1...jq (y1, . . . , yq) (5.6)
h∨j1(y1 + x1) · · · h
∨
jq (yq + xq) .
In particular,∫
dx |fj1...jq (x, . . . , x)|
2
=
∫
dy1 · · · dyq dy
′
1 · · · dy
′
q fj1...jq (y1, . . . , yq)fj1...jq (y
′
1, . . . , y
′
q)∫
dxh∨j1 (y1 + x) · · · h
∨
jq (yq + x)
h∨j1(y
′
1 + x) · · · h
∨
jq (y
′
q + x) . (5.7)
Using Cauchy-Schwarz only on fj1...jqfj1...jq , this is bounded by∫
dx |fj1...jq (x, . . . , x)|
2 ≤
∫
dy1 · · · dyq | fj1...jq (y1, . . . , yq) |
2
∫
dx
∫
dy′1 · · · dy
′
q |h
∨
j1(y1 + x) · · · h
∨
jq (yq + x)
h∨j1(y
′
1 + x) · · · h
∨
jq (y
′
q + x) | . (5.8)
Thus, integrating out y′1, . . . , y
′
q and using ‖h
∨
j ‖L1x < c
′,∫
dx |fj1...jq (x, . . . , x)|
2 ≤ C
∫
dy1 · · · dyq | fj1...jq (y1, . . . , yq) |
2
∫
dx |h∨j1(y1 + x) · · · h
∨
jq (yq + x) | . (5.9)
Now, we assume without any loss of generality that ji ≤ jq for all i < q. Then,∫
dx |h∨j1(y1 + x) · · · h
∨
jq (yq + x) | ≤ ‖h
∨
j1‖L∞x · · · ‖h
∨
jq−1‖L∞x ‖h
∨
jq‖L1x
≤ 2(j1+···+jq−1)d c′ . (5.10)
Now, since by assumption, ji ≤ jq for all i < q,
j1 + · · ·+ jq−1 ≤
q − 1
q
(j1 + · · ·+ jq) . (5.11)
Therefore, ∫
dx |fj1...jq (x, . . . , x)|
2
≤ C 22(j1+···+jq)α0
∫
dy1 · · · dyq | fj1...jq (y1, . . . , yq) |
2 , (5.12)
where
α0 :=
(q − 1)d
2q
. (5.13)
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We thus find that
‖ f(x, . . . , x) ‖L2x(Rd)
= ‖
∑
j1,...,jq
fj1...jq (x, . . . , x) ‖L2x(Rd)
≤
∑
j1,...,jq
(∫
dx |fj1,...,jq (x, . . . , x)|
2
) 1
2
≤ C
∑
j1,...,jq
2(j1+···+jq)α0
( ∫
dy1 · · · dyq | fj1,...,jq (y1, . . . , yq) |
2
) 1
2
= C
( ∑
j1,...,jq
2−2(j1+···+jq)ǫ
) 1
2
( ∑
j1,...,jq
22(j1+···+jq)α‖ fj1,...,jq ‖
2
L2x1,...,xq
) 1
2
= Cǫ ‖ f ‖Hαx1,...,xq . (5.14)
for α = α0 + ǫ, and any ǫ > 0. We note that from the above, Cǫ ≤ Cǫ
−q follows
immediately. This is the asserted result. 
We immediately obtain the following Gagliardo-Nirenberg type inequality.
Theorem 5.2. (Gagliardo-Nirenberg inequality) Assume that f ∈ H1(Rqd) and
α > α0 :=
(q−1)d
2q < 1. Then, there exists a constant C(d, q, α) such that
( ∫
dx | f(x, . . . , x︸ ︷︷ ︸
q
) |2
) 1
2
≤ C(d, q, α) ‖ f ‖αH1x1,...,xq
‖ f ‖1−αL2x1,...,xq
(5.15)
where xi ∈ R
d. In particular, C(d, q, α) < C′(d, q)|α − α0|
−q/2.
Proof. From (5.14), the Ho¨lder estimate yields
‖ f(x, . . . , x) ‖L2x(Rd)
≤
∑
j1,...,jq
‖ fj1...jq (x, . . . , x) ‖L2x(Rd)
≤ C
∑
j1,...,jq
2(j1+···+jq)α0‖ fj1,...,jq ‖L2
= C
∑
j1,...,jq
2(j1+···+jq)α0‖ fj1,...,jq ‖
α
L2‖ fj1,...,jq ‖
1−α
L2
≤ C
[ ∑
j1,...,jq
(
2(j1+···+jq)(α0+δ)‖ fj1,...,jq ‖
α
L2
) 1
α
]α
[ ∑
j1,...,jq
(
2−(j1+···+jq)δ‖ fj1,...,jq ‖
1−α
L2
) 1
1−α
]1−α
. (5.16)
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Letting ǫ = δ > 0 and 1 > α ≥ α0 + 2ǫ, where α0 =
(q−1)d
2q < 1, this is bounded by
≤ C
[( ∑
j1,...,jq
2−2(j1+···+jq)
ǫ
α
) 1
2
( ∑
j1,...,jq
22(j1+···+jq)
α0+δ+ǫ
α ‖ fj1,...,jq ‖
2
L2
) 1
2
]α
[( ∑
j1,...,jq
2−2(j1+···+jq)
δ
1−α
) 1
2
( ∑
j1,...,jq
‖ fj1,...,jq ‖
2
L2
) 1
2
]1−α
≤ C
[( ǫ
α
)− q2( ∑
j1,...,jq
‖ fj1,...,jq ‖
2
H
α0+δ+ǫ
α
) 1
2
]α
[( δ
1− α
)− q2( ∑
j1,...,jq
‖ fj1,...,jq ‖
2
L2
) 1
2
]1−α
≤ C
(
αα(1 − α)1−α
1
ǫ
)q/2
‖ f ‖αH1x1,...,xq
‖ f ‖1−αL2x1,...,xq
≤ Cǫ−q/2 ‖ f ‖αH1x1,...,xq
‖ f ‖1−αL2x1,...,xq
. (5.17)
Here we observed that 1α ,
1
1−α > 1 are Ho¨lder conjugate exponents, and we used
that supτ∈[0,1] τ
τ = 1. 
We note that α0 =
d
4 for the cubic, p = 2, and α0 =
3d
8 for the quintic case,
p = 4. Accordingly, one may choose ǫ ≥ 15 in both cases (i.e., ǫ is not very small),
where d ≤ 3 for the cubic, and d ≤ 2 for the quintic case.
6. A priori energy bounds
In this section we use higher order energy functionals to obtain three types of
bounds:
(1) A priori energy bounds for both focusing and defocusing energy-subcritical
p-GP hierarchies (Subsection 6.1).
(2) A prioriH1 bounds for defocusing energy subcritical p-GP hierarchies (Sub-
section 6.2).
(3) A prioriH1 bounds for L2-subcritical focusing p-GP hierarchies (Subsection
6.3).
First, we present a priori energy bounds which are valid for solutions of the
focusing and defocusing energy-subcritical p-GP hierarchies.
6.1. A priori energy bounds for focusing and defocusing energy-subcritical
p-GP hierarchies.
Theorem 6.1. Let p < 4d−2 . If Γ(t) ∈ H
1
ξ′ is a solution to the p-GP hierarchy
(focusing or defocusing), then the a priori bound∑
m∈N
(2ξ)m
〈
K(m)
〉
Γ(t)
≤ ‖Γ(t)‖H1
ξ′
(6.1)
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holds for all ξ satisfying
ξ ≤ (1 +
2
p+ 2
CSob(d, p))
− 1
kp ξ′ (6.2)
and all t ∈ R.
Proof. Let p < 4d−2 . We shall use the Sobolev inequalities for the GP hierarchy,
Theorem 5.1 to bound the interaction energy by the kinetic energy:
Tr1(B1;2,...,kp γ˜
(kp) ) ≤ CSob(d, p)Tr1,...,kp(S
(kp,1)γ˜(kp) ) . (6.3)
To see this, we write γ˜(kp) as
γ˜(kp)(xkp , x
′
kp) =
∑
j
λj
∣∣φj(xkp)〉〈φj(x′kp)∣∣ , (6.4)
with respect to an orthonormal basis (φj)j , where λj ≥ 0 and
∑
j λj = 1. Then we
have
Tr1(B
+
1;2,...,kp
γ˜(kp) ) =
∑
j
λj
∫
dx|φj(x, . . . , x︸ ︷︷ ︸
kp
)|2 . (6.5)
Now Theorem 5.1 (with q = kp and α = 1) implies that for p <
4
d−2 we have
Tr1(B
+
1;2,...,kp
γ˜(kp) )
≤ CSob
∑
j
λj‖φj‖
2
H1xkp
≤ CSob
∑
j
λj‖φj‖
2
h1xkp
= CSobTr1,...,kp(S
(kp,1)γ˜(kp) ). (6.6)
Accordingly, (6.3) implies
Tr1(K1γ˜
(kp) ) ≤ (
1
2
+
1
p+ 2
CSob(d, p) )Tr1,...,kp(S
(kp,1)γ˜(kp) ) . (6.7)
By iteration, we obtain that〈
K(m)
〉
Γ
≤ (
1
2
+
1
p+ 2
CSob(d, p) )
m Tr1,...,mkp(S
(mkp,1)γ(mkp) ) . (6.8)
Therefore,∑
ℓ
(2ξ)ℓ
〈
K(ℓ)
〉
Γ
≤
∑
ℓ
(
( 1 +
2
p+ 2
CSob(d, p) )
1
kp ξ
)ℓ
‖ γ(ℓ) ‖h1
ℓ
≤ ‖Γ ‖H1
ξ′
(6.9)
for all ξ satisfying
ξ ≤ ( 1 +
2
p+ 2
CSob(d, p) )
− 1
kp ξ′ . (6.10)
Hence, the claim follows. 
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6.2. A priori H1 bounds for defocusing energy subcritical GP hierarchies.
For energy subcritical, defocusing GP hierarchies, we can now deduce a priori energy
bounds as follows.
Theorem 6.2. Assume that µ = +1 (defocusing), p < 4d−2 , and that Γ(t) ∈ H
1
ξ,
t ∈ [0, T ], is a positive semidefinite solution of the p-GP hierarchy with initial data
Γ0 ∈ H
1
ξ′ for
ξ ≤ (1 +
2
p+ 2
CSob(d, p))
− 1
kp ξ′ . (6.11)
Then, one finds
‖Γ(t)‖H1
ξ
≤
∑
m∈N
(2ξ)m
〈
K(m)
〉
Γ(t)
=
∑
m∈N
(2ξ)m
〈
K(m)
〉
Γ0
≤ ‖Γ0‖H1
ξ′
(6.12)
for all t ∈ [0, T ].
Proof. We first note that for the defocusing p-GP hierarchy, it follows immediately
from Theorem 4.1 that
‖Γ(t)‖H1
ξ
≤
∑
m∈N
(2ξ)m
〈
K(m)
〉
Γ(t)
=
∑
m∈N
(2ξ)m
〈
K(m)
〉
Γ0
(6.13)
for t ∈ [0, T ]. The first inequality is obtained by discarding all of the (positive)
interaction energies in
〈
K(m)
〉
Γ(t)
.
Subsequently, we use the a priori bound (6.1) derived in Theorem 6.1 to obtain
(6.12). 
6.3. A priori energy bounds for L2 subcritical focusing GP hierarchies.
In this subsection, we prove a priori H1ξ-bounds for focusing L
2 subcritical p-GP
hierarchies, p < pL2 =
4
d . The defocusing case is already contained in Theorem
6.2. The analogous result for the NLS is well-known, and is based on the use of
energy conservation where the H1 norm (if large) of the solution is seen to dominate
over the potential energy, via the Gagliardo-Nirenberg inequality. We obtain the
following similar result in the context of the L2-subcritical p-GP hierarchy.
Theorem 6.3. Let p < pL2 =
4
d (L
2 subcritical). Moreover, let α > α0 :=
(kp−1)d
2kp
and αkp < 1, where kp = 1 +
p
2 , and α < 1. Let
D := D(α, p, d, |µ|) =
(
1− |µ|
C0(α)
1 − 4−(1−αkp)
)
, (6.14)
where C0(α) is characterized in (6.20).
Assume that Γ(t) ∈ H1ξ is a positive semidefinite solution of the focusing (µ < 0)
p-GP hierarchy for t ∈ [0, T ], given initial data Γ(0) = Γ0 ∈ H
1
ξ′ where
ξ ≤
1
D
(
1 +
2
p+ 2
CSob(d, p)
)− 1
kp ξ′ . (6.15)
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If µ < 0 is such that
|µ| <
1− 4−(1−αkp)
C0(α)
, (6.16)
then the a priori bound
‖Γ(t) ‖H1
ξ
≤
∞∑
m=1
(2D ξ)m
〈
K(m)
〉
Γ(t)
(6.17)
=
∞∑
m=1
(2D ξ)m
〈
K(m)
〉
Γ0
(6.18)
≤ ‖Γ0‖H1
ξ′
(6.19)
holds for all t ∈ [0, T ].
Proof. First, we observe that it follows immediately from (6.1) that (6.18) implies
(6.19).
Next, we show that ‖Γ(t)‖H1
ξ
is bounded by the right hand side in (6.17). Given
α > α0 =
(kp−1)d
2kp
where α0 < 1, we infer from Theorem 5.1 that
Tr1(B
+
1;2,...,kp
γ(kp) ) ≤ C0(α)Tr(S
(kp,α) γ(kp) ) , (6.20)
as follows. We write γ(kp) with respect to an orthonormal eigenbasis (φj)j ,
γ(kp)(xkp , x
′
kp) =
∑
j
λj
∣∣φj(xkp)〉〈φj(x′kp)∣∣ , (6.21)
where λj ≥ 0 and
∑
j λj = 1, so that
Tr1(B
+
1;2,...,kp
γ(kp) ) =
∑
j
λj
∫
dx|φj(x, . . . , x︸ ︷︷ ︸
kp
)|2 . (6.22)
Then Theorem 5.1 (with q = kp) implies that
Tr1(B
+
1;2,...,kp
γ(kp) )
≤ C0(α)
∑
j
λj‖φj‖
2
hαxkp
≤ C0(α)Tr(S
(kp,α) γ(kp) ) , (6.23)
which is what we claimed in (6.20).
Next, we recall the definition of the operators
Kℓ = K
(1)
ℓ + K
(2)
ℓ (6.24)
where
K
(1)
ℓ :=
1
2
(1 − ∆xℓ)Trℓ+1,...,ℓ+ p2 (6.25)
and
K
(2)
ℓ :=
µ
p+ 2
B+ℓ;ℓ+1,...,ℓ+p2
, (6.26)
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for ℓ ∈ N. Moreover, we have
K(m) := K1Kkp+1 · · ·K(m−1)kp+1 , (6.27)
and we proved that
〈
K(m)
〉
Γ(t)
:= Tr1,kp+1,2kp+1,...,(m−1)kp+1(K
(m)γ(mkp)(t) ) (6.28)
is a conserved quantity, for every m ∈ N, provided that Γ(t) solves the p-GP
hierarchy.
In order to simplify the presentation below, we introduce the notation
Tr1,m := Tr1,kp+1,2kp+1,...,(m−1)kp+1 . (6.29)
In the L2 subcritical case, where p < pL2 =
4
d , we will now use the sequence of
conserved quantities (
〈
K(m)
〉
Γ(t)
)m∈N to obtain an a priori bound on ‖Γ(t)‖H1
ξ
, for
ξ > 0 sufficiently small.
We define the Fourier multiplication operator P
(r)
j;i acting on f : (R
d)kp → R by
(
̂
P
(r)
j;i f)(ξr) := pj(ξi) f̂(ξr) , (6.30)
with symbols pj(ξi) that are smooth and supported in
2
32
j < |ξi| < 3(2
j), for j > 1
and in |ξ1| ≤ 3 when j = 0. Also we define P
(r)
≤j;i =
∑
k≤j P
(r)
k;i (and denote the
corresponding symbol by p≤j;i).
Moreover, we define the Fourier multiplication operator P
(r),≤
j;i via
(
̂
P
(r),≤
j;i f)(ξr) := pj(ξi)
[ r∏
ℓ=2
l 6=i
p≤j(ξℓ)
]
f̂(ξ
r
) , (6.31)
and the Fourier multiplication operator P
(r)
j;ii′ acting on γ
(r) by
P
(r)
j;ii′ = P
(r),≤
j;i P
(r),≤
j;i′ .
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Then we have
Tr(S(kp,α) γ(kp) )
≤
∞∑
j=0
kp∑
i=1
Tr(P
(kp)
j;ii S
(kp,α) γ(kp) )
=
∞∑
j=0
kpTr(P
(kp)
j;ii S
(kp,α) γ(kp) ) (6.32)
=
∞∑
j=0
kp
∫
dξ
kp
pj(ξ1)

 kp∏
ℓ=2
p≤j(ξℓ)



 kp∏
k=1
(1 + |ξk|
2)α

 γ̂(ξ
kp
; ξ
kp
)
≤
∞∑
j=0
kp (1 + 2
2j)αkp
∫
dξ1 pj(ξ1)
∫
dξ2...dξkp γ̂(ξkp
; ξ
kp
)
=
∞∑
j=0
kp (1 + 2
2j)αkp
∫
dξ1pj(ξ1)γ̂(ξ1; ξ1) (6.33)
=
∞∑
j=0
kp (1 + 2
2j)αkpTr(Pj;1 γ
(1) ) , (6.34)
where to obtain (6.32) we used symmetry and to obtain (6.33) we used admissibility
of γ(kp).
Hence, we find
2Tr(K1γ
(kp) )
≥ 2Tr(K
(1)
1 γ
(kp) ) −
2|µ|C0(α)
p+ 2
Tr(S(kp,α) γ(kp) ) (6.35)
≥ Tr(S(1,1)γ(1) ) −
2|µ|C0(α)kp
p+ 2
∞∑
j=0
(1 + 22j)αkp Tr(P
(1)
j;1 γ
(1) ) (6.36)
≥ Tr(S(1,1)γ(1) )− |µ|C0(α)
∞∑
j=0
(1 + 22j)−(1−αkp) Tr((1 + 22j)P
(1)
j;1 γ
(1) )
≥ Tr(S(1,1)γ(1) )−
(
sup
j≥0
Tr((1 + 22j)P
(1)
j;1 γ
(1) )
)
|µ|C0(α)
∞∑
j=0
(1 + 22j)−(1−αkp)
≥

1− |µ|C0(α) ∞∑
j=0
2−2j(1−αkp)

 Tr(S(1,1)γ(1) ) (6.37)
= D Tr(S(1,1)γ(1) ) , (6.38)
with
D := D(α, p, d, |µ|) =
(
1− |µ|
C0(α)
1− 4−(1−αkp)
)
.
Here to obtain (6.35) we used (6.20), to obtain (6.36) we used (6.34), to obtain
(6.37) we used the inequality about Littlewood-Paley operators
sup
j≥0
Tr((1 + 22j)P
(1)
j;1 γ
(1) ) ≤ Tr(S(1,1)γ(1) ),
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and to obtain (6.38) we used the fact that we consider the L2 subcritical problem,
hence αkp < 1.
Accordingly, we conclude that if |µ| is such that D(α, p, d, |µ|) > 0, i.e.
|µ| <
1− 4−(1−αkp)
C0(α)
(6.39)
then
‖γ(1)‖h1 = Tr(S
(1,1) γ(1) )
≤
2
D
Tr(K1γ
(kp) ) . (6.40)
Next, we generalize this inequality to the higher order energy functionals.
To this end, we observe that by iterating (6.38) we obtain〈
K(m)
〉
Γ(t)
= Tr1,m(K1Kkp+1 · · ·K(m−1)kp+1γ
(mkp) )
≥
1
D
Tr1,m(K1Kkp+1 · · ·K(m−2)kp+1K
(1)
(m−1)kp+1
γ(mkp) )
≥ · · · · · ·
≥
( 1
D
)m
Tr1,m
(
K
(1)
1 K
(1)
kp+1
· · ·K
(1)
(m−1)kp+1
γ(mkp)
)
=
( 1
2D
)m
Tr1,m(S(mkp,1)γ(mkp) )
=
( 1
2D
)m
‖ γ(m) ‖h1 , (6.41)
using the admissibility of γ(mkp) in order to obtain the last line.
Consequently,
‖Γ(t) ‖H1
ξ
≤
∞∑
m=1
ξm ‖γ(m)‖h1
≤
∞∑
m=1
(2D ξ)m
〈
K(m)
〉
Γ(t)
=
∞∑
m=1
(2D ξ)m
〈
K(m)
〉
Γ(0)
. (6.42)
This concludes the proof. 
7. Global well-posedness of solutions in H1ξ
In this section, we will use the the higher order energy functionals in order to
enhance local to global wellposedness for solutions in the spaces H1ξ constructed
in [8], for initial data in H1ξ. The local well-posedness result proven in [8] has the
following form.
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Theorem 7.1. Let
α ∈ A(d, p) :=


(12 ,∞) if d = 1
(d2 −
1
2(p−1) ,∞) if d ≥ 2 and (d, p) 6= (3, 2)[
1,∞) if (d, p) = (3, 2) .
(7.1)
Then, there exists a constant 0 < η < 1 such that for 0 < ξ ≤ ηξ′ ≤ 1, there
exists a constant T0(d, p, ξ, ξ
′) > 0 such that the following holds. Let I := [0, T ]
for 0 < T < T0(d, p, ξ, ξ
′). Then, there exists a unique solution Γ ∈ L∞t∈IH
α
ξ of the
p-GP hierarchy, with
‖ B̂Γ ‖L1
t∈I
Hα
ξ
< C(T, ξ, ξ′, d, p) ‖Γ0‖Hα
ξ′
, (7.2)
in the space
Wα(I, ξ) = {Γ ∈ L∞t∈IH
α
ξ | B̂
+Γ , B̂−Γ ∈ L2t∈IH
α
ξ } (7.3)
for the initial condition Γ(0) = Γ0 ∈ H
α
ξ′ .
We will next prove the following theorem.
Theorem 7.2. Assume that one of the two following cases is given:
• Energy subcritical, defocusing p-GP hierarchy with p < 4d−2 and µ = +1.
ξ, ξ′ satisfy (3.5).
• L2 subcritical, focusing p-GP hierarchy with p < 4d and µ < 0 with |µ| <
1−4−(1−αkp)
C0(α)
where C0(α) is characterized in (6.20). ξ, ξ
′ satisfy (3.9).
Then, there exists T > 0 such that for Ij := [jT, (j + 1)T ], with j ∈ Z, there
exists a unique global solution Γ ∈ ∪j∈ZW
1(Ij , ξ) of the p-GP hierarchy with initial
condition Γ(0) = Γ0 ∈ H
1
ξ′ , satisfying
‖Γ(t)‖H1
ξ
≤ C‖Γ0‖H1
ξ′
(7.4)
for all t ∈ R, if Γ(t) is positive semidefinite for all t ∈ Ij, j ∈ Z.
Proof. We need to prove that the higher order energy functionals are conserved for
solutions in Theorem 7.1
For m ∈ N fixed, we consider γ(mkp). Letting (φj) be an orthonormal basis of
L2(Rdmkp), we define
γ
(mkp)
J (t) :=
∑
j∈J
λj(t)φj(t, xmkp)φj(t, x
′
mkp
) (7.5)
for any finite subset J ⊂ Z, with 0 ≤ λj(t) ≤ 1.
Furthermore, we decompose
Rjmd =
⋃
r∈Zjmd
Qr (7.6)
into disjoint cubesQr obtained from translating the unit cube [0, 1)
jmd by r ∈ Zjmd.
We then define
γ˜
(j)
r,r′;J := PQr ,Qr′ (γ˜
(j)
J ) (7.7)
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where PQr ,Qr′ is the Fourier multiplication operator with symbol given by the
characteristic function of Qr ×Qr′ .
Accordingly, letting ℓ = 1, we let
γ˜
(kp)
r,r′;J(xkp ;x
′
kp) := Trkp+1,...,mkp(Kkp+1 · · ·K(m−1)kp+1γ
(mkp)
r,r′;J ) (7.8)
and
γ˜
(2kp−1)
r,r′;J (xkp , ykp−1
;x′kp , y
′
kp−1
) (7.9)
:= Trkp+1,...,mkp(Kkp+1 · · ·K(m−1)kp+1)}γ
(mkp+
p
2 )
r,r′;J )(xkp , ykp−1
;x′kp , y
′
kp−1
)
where yi = xmkp+i and y
′
i = x
′
mkp+i
, for i ∈ {1, . . . , kp − 1}.
Then, we define, similarly to the notation used in the proof of Theorem 4.1,
A
(1)
h (r, r
′; J) := Tr1(K
(1)
1 h
±
1 γ˜
(kp)
r,r′;J )
A
(1)
b (r, r
′; J) := Tr1(K
(1)
1 b
±
1 γ˜
(2kp−1)
r,r′;J )
A
(2)
h (r, r
′; J) := Tr1(K
(2)
1 h
±
1 Trkp+1···2kp−1γ˜
(2kp−1)
r,r′;J )
A
(2)
b (r, r
′; J) := Tr1(K
(2)
1 b
±
1 γ˜
(2kp−1)
r,r′;J ) (7.10)
we find that each of these terms can be written in the form
A(i)σ (r, r
′; J) = A
(i)
σ,+(r, r
′; J) − A
(i)
σ,−(r, r
′; J) (7.11)
for σ ∈ {h, b} and i ∈ {1, 2}. Following the arguments leading to the proof of
Theorem 4.1, each term in the difference can be estimated by
|A(i)σ,ν(r, r
′; J) |
< C
(
Tr( γ˜
(j)
r,r;J ) + Tr( γ˜
(j)
r′,r′;J)
)
< C |J |1/2
(
[ Tr( |γ˜
(j)
r,r;J |
2 ) ]1/2 + Tr( [γ˜
(j)
r′,r′;J ) ]
1/2
)
< 2C |J |1/2 ‖ γ˜(j) ‖L2(Rdj×Rdj)
< 2C |J |1/2 ‖ γ(mkp) ‖H1(Rdmkp×Rdmkp ) , (7.12)
where ν ∈ {+,−} and j ∈ {kp, 2kp − 1}. By the local wellposedness of the solution
in H1ξ , the last line is bounded. Therefore, all terms in (7.10) are well-defined, and
similarly as in the proof of Theorem 4.1, they cancel,
A
(1)
h (r, r
′; J) + A
(2)
h (r, r
′; J) + µA
(1)
b (r, r
′; J) + A
(2)
b (r, r
′; J) = 0 (7.13)
for all r, r′ ∈ Zdmkp , and all J with |J | <∞. This implies that as in (4.11),
∂t
〈
K(m)
〉
Γ(t)
=
∑
J∈I
∑
r,r′
(
A
(1)
h (r, r
′; J) + A
(2)
h (r, r
′; J) + µA
(1)
b (r, r
′; J) +A
(2)
b (r, r
′; J)
)
= 0 (7.14)
where Z = ∪J∈IJ is an arbitrary decomposition of Z into mutually disjoint discrete
intervals J of finite size.
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Accordingly, if the solution Γ(t) ∈ H1ξ obtained from Theorem 7.1 has initial
data in the subspace Γ(0) = Γ0 ∈ H
1
ξ′ ⊂ H
1
ξ′ , then〈
K(m)
〉
Γ(t)
=
〈
K(m)
〉
Γ0
+
∫ t
0
ds ∂s
〈
K(m)
〉
Γ(s)
=
〈
K(m)
〉
Γ0
, (7.15)
for all m ∈ N. That is, the higher order energy functionals are conserved.
In the case p < 4d−2 (energy subcritical), and µ = +1 (defocusing), we choose
ξ1, ξ such that
0 < ξ1 ≤ η ξ ≤ η (1 +
2
p+ 2
CSob(d, p))
− 1
kp ξ′ . (7.16)
where 0 < η < 1 is the constant in Theorem 7.1. Next, we pick
T := min{T (d, p, ξ1, ξ) , T (d, p, ξ, ξ
′) } , (7.17)
where T (d, p, ξ, ξ′) is defined as in Theorem 7.1.
Then, Theorem 6.2 implies that the a priori bound
‖Γ(t)‖H1
ξ
≤ ‖Γ(t)‖H1
ξ
≤
∑
m∈N
(2ξ)m
〈
K(m)
〉
Γ(t)
=
∑
m∈N
(2ξ)m
〈
K(m)
〉
Γ0
≤ ‖Γ(0)‖H1
ξ′
(7.18)
holds for t ∈ I0 = [0, T ].
Next, Theorem 7.1 implies that there exists a unique solution in W1(I1, ξ1) for
t ∈ I1 = [T, 2T ], for the initial condition Γ(T ) ∈ H
1
ξ . Therefore, we have for every
m ∈ N, 〈
K(m)
〉
Γ(t)
=
〈
K(m)
〉
Γ(T )
=
〈
K(m)
〉
Γ0
(7.19)
for all t ∈ I1. Since these are t-independent C-numbers, this implies that
‖Γ(t)‖H1
ξ
≤ ‖Γ(t)‖H1
ξ
≤
∑
m∈N
(2ξ)m
〈
K(m)
〉
Γ(t)
=
∑
m∈N
(2ξ)m
〈
K(m)
〉
Γ0
≤ ‖Γ(0)‖H1
ξ′
(7.20)
for t ∈ I1. In particular, this is true for the same value of ξ as above, for the case
of the interval I0. Thus, by bootstrapping, we find that instead of Γ(t) ∈ H
1
ξ1
, one
in fact has Γ(t) ∈ H1ξ for all t ∈ [T, 2T ], where ξ1 ≤ ηξ.
Again invoking Theorem 7.1 and repeating the above, we furthermore conclude
that there exists a unique solution Γ ∈ W1(I1, ξ1) for t ∈ I2 = [2T, 3T ] for the
initial condition Γ(2T ) ∈ H1ξ . Accordingly, higher order energy conservation shows
that Γ(t) ∈ H1ξ for all t ∈ I2.
Iterating this argument, we have proved that there exists a unique global solution
Γ ∈ ∪j∈ZW
1(Ij , ξ1) of the p-GP hierarchy with initial condition Γ(0) = Γ0 ∈ H
1
ξ′ ,
satisfying
‖Γ(t)‖H1
ξ1
< ‖Γ(t)‖H1
ξ
≤ ‖Γ0‖H1
ξ′
(7.21)
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for all t ∈ R.
In the case p < 4d (L
2 subcritical), and µ < 0 (focusing) with
|µ| <
1− 4−(1−αkp)
C0(α)
(7.22)
we use that
‖Γ(t) ‖H1
ξ
≤ ‖Γ(t) ‖H1
ξ
≤
∑
m∈N
(2Dξ)m
〈
K(m)
〉
Γ(t)
=
∑
m∈N
(2Dξ)m
〈
K(m)
〉
Γ(0)
≤ ‖Γ(0)‖H1
ξ′
(7.23)
for all t ∈ [0, T ], and for ξ, ξ′ satisfying (3.9). Accordingly, we can repeat the
arguments for the case p < 4d−2 and µ = +1. This completes the proof. 
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